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Abstract Considered is the generalized Korteweg-de Vries-Burgers equation 



u t + u xxx + uu x + \D x \ 2a u = 0, t € R + , x 6 



Qh ' with < a < 1. We prove a sharp results on the associated Cauchy problem in the Sobolev 

. space H S (R). For s > — min{ 3+2a , 1} we give the well-posedness of solutions of the Cauchy 

problem, while for i < a < 1 and for s < — min{ 3+ 4 2 " , 1} we show some ill-posedness issues. 
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1 Introduction and statement of the result 



In this paper we consider the cauchy problem associated with the generalized Korteweg-de Vries- 
Burgers equation 

/ u t + u xxx + uu x + \D x \ 2a u = 0, iel+iel , . 

1«(0) = 9(4 [ ' 

where, < a < 1, |D x | 2a is the Fourier multiplier associated with the symbol |£| 2a . 

Equation (jl.l| has been derived as a model for the propagation of weakly nonlinear dispersive 
long waves in some physical contexts when dissipative effects occur (see pQ). The long time 
asymptotic behavior of its solutions has been studied in numerous papers (see [2] and references 
therein ). 

When a = 0, (|l.lj) is the Korteweg-de Vries equation. The best known results on the Cauchy 
problem for the Korteweg-de Vries equation have been derived by Kenig, Ponce and Vega (see [3], 
[1]). They proved that the Cauchy problem for the KdV equation is locally well-posed in H S (K) 
for s > — |, and that the flow-map for the KdV equation is not locally uniformly continuous in 
H S (W) for s < — |. For the Cauchy problem of the dissipative Burgers equation 

U t - u xx + uu x = 0, 

it is known that the local well-posedness in H S (R) holds for s > — ^ (see [5]), and some non- 
uniqueness phenomena occur for s < — ^( see 6 ). When a = 1, (jl.ip is the Korteweg-de Vries- 
Burgers equation. Molinet and Ribaud in [7] proved that the Korteweg-de Vries-Burgers equation 
is globally well-posed in H s (R) for s > — 1 and ill-posed in H S (M.) for s < — 1. They proved that 
the Cauchy problem (jl.ip associated with < a < 1 is ill-posed in the homogenous Sobolev space 
ij s (R) for s < 2(2^) i an d conjectured that the well-posedness in H S (R) for s > 2 (2~a) c °uld be 
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proved. The aim of this paper is to answer this open problem. We prove that (jl.ip is well-posed 
in the Sobolev space H S (R) for s > -min{2^,l}. Note that - min{^±pL, 1} < for 
< a < 1. 

Let < • >= (1 + | • | 2 )i We define 

X b a s = {»£ 5'(M 2 ) : || u \\ x >,.< +oo}, 
X a?T = {u: 3w 6 X£ s satisfying u = winM x [0, T]}, 

with 

|| u 11^,.= || < i(r - £ 3 ) + |£| 2 " > b < £ > s u(e,r)|| i2(R2) , 
I m || xi ,, 3 = inf{|| v \\ x b,s\ v G X„ s satisfying u = «m K x [0, T] }. 
Let fP(K.) be the usual Sobolev space. Our main result is 

Theorem 1.1 Let tp <E H S (M) with s > -mm{^tp,l}. For any T > 0, there exists a unique 
solution u of satisfying 

ueZ T = C{[0,T],H s (R)) n 
Moreover the map p t— > u is smooth from H S (M.) to Zt and u belongs to C((0, +oo), H°°(M)). 

Remark For s < ,° 2 ~^ , Molinet and Ribaud (see Remark 1 and Theorem 2 in [7] ) proved 
that the flow-map 

pi->u(t), t e [0,T] 

is not C 2 differentiable at zero from the homogenous Sobolev H S (R) to C([0, T]; H S {R)). 
The result is optimal in the case \ < a < 1. 

Theorem 1.2 Let h < a < 1 and s < — 1. TTiera i/iere does not exists T > suc/i i/iai i/ie 
Cauchy problem has a unique local solution u defined on the interval [0, T], and such that the 
flow-map 

p -> u(t),te [0,T] 

is C 2 differentiable at zero from H S (R) to C([Q,T], H S (R)). 

In this paper, we use A < B to denote the statement that A < CB for some large constant C 
which may vary from line to line, and similarly use A <C B to denote the statement A < C~ X B. We 
use A ~ i? to denote the statement that ^4 < B < A. Any summations over capitalized variables 
such as Nj, Lj , H are presumed to be dyadic, i.e. these variables range over numbers of the form 
2 k for k € E or for k £ IN . In addition to the usual notation \e for characteristic functions, we 
define \p for statements P to be 1 if P is true and otherwise, e.g. Xi<|£|<2- 

We adopt the following summation conventions. Any summation of the form L max ~ ■ is a 
sum over the three dyadic variables L±, L2, L3 > 1, thus for instance 

E == E 

L ma *~H Li,L 2 ,L 3 >l;L max ~H 

Similarly, any summation of the form N max ~ • sum over the three dyadic variables N\, N2, N3 > 0, 
thus for instance 

E E 

N m ax~N mcd ~N N 1 ,N 2 ,N 3 >0:N ma:c ~N rnsd ^N 

The rest of this paper is organized as follows. In section 2 we give some linear estimates. 
In section 3 we prove the crucial bilinear estimates and give the proof of Theorem 11.11 The 
ill-posedness is given in section 4. 
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2 Linear estimates 

Let U(-) be the free evolution of the KdV equation defined by U(t) = e ltp (. D *) ; where P(D X ) is the 
Fourier multiplier with the symbol P(£) = £ 3 . Obviously U(-) is a unitary group in iP(R), sSK. 
Since J r (U(— t)u)(r, £) = J-(u)(t + £ 3 , £)i one can rewrite the norm of _X"„> S as 

|| u |[ JC »..=||< it+ \(\ 2a >"< £ > s ^(l7(-t)«)(r,0 || L 2 (R2) . 
Let W(-) be the semigroup associated with the free evolution of (|l.ip defined by 

T x {W{t)^)(i) = e^ 3 -*l«l 2 ^(C), V G <5'(R), i > 0, 
and we extend W(-) to a linear operator defined on the whole real axis by setting 

T x {W{t)<p){0 = e^ 3 -l*H«l 2 X0, f G S'(R), t G R. 
Let be a time cut-off function defined by 

V> G C£°(R), suppV' C [-2,2], V = 1 on [-1,1] 
and let i/j t (-) = rp(-/T) for a given T > 0. 
Proposition 2.1 For s£l, iue ftave 

|| II, a.-ZW<p\\h-> W?eP s (R). 



Proo/. Set g ( = ip{t) 



,-\t\\Zl 



For b G {0, ^} we have 



9i ||H ? <ll<r> b ^|| L1 ||e-l*H«l 2Q || £a + ||^|| £1 ||e- 



-|t|l«l 2 



Since ip G Cfi°(R), suppip C [-2,2], we get ||< t > b ip \\ L i< C. Note that 



l*IIC|- 



Iff? 



flT 1 II 



Is? 



We deduce for | £ | > 1 



ii 5«ii^< (i e r + u i 2Qb ~ Q ) < c i e i 2q(6 -*\ 



and for | £ |< 1, 



9i 



\hi< E ^ H(*)* n E 



II ^(*)* n lk<i- 



n=0 



A combination of (T2~Tj) with ([2"T2")) yields 



(2.1) 



(2.2) 



9i \\h}%< C > 



q(26-1) 



6=0 or 



(2.3) 



By 



we have 



< 



II ^(*)W(t) V 



A-„ 2 ' 



+ 



<z> s <p(o \\<t>^ T t m)e- m \ 2a ){T) 
<z> s+a 0(0 ii me- m{2 



< 



<t> s <p(0 II II i 



< e > s+q m ii 3 5 w Hi,? 



< ll< £ > s 0(C) IUi +^ ||< € > s 0(0 L|<ll v Ik- 



□ 



The following proposition comes from Proposition 2 in [7] (we replace £ by |£| 2o! ). 
Proposition 2.2 For oj G 5(IR 2 ) we define by 



-itn«i 2 



Then for all (el, 



< 



L 2 (R) 



£(t)| 



2n 



-Lu(r)dT. 



< ir+ | £ | 2q > 



<S(r) 



< «r+ | £ | 2a > 



Proposition 2.3 For s G R we have 
[a], for allv G 5(M 2 ) ; 



< 



x a 



xi 
v{t) 



< ir+ | £ | 2q > 



-dr) 2 d£ 



[b] . for < 5 < \ and for all v G X a 



X R+m(t) / w{t-t')v{f)dt 



< 



II « II 



Proof. Assume that v G 6>(]R 2 ). Taking that for a;-Fourier transform we get 



X R+(t)m / w{t-t') v {t')dt' 

Jo 

U(t) XR+ W(t) [ / e-(*-*')l^ 2Q ^(f/(-i')v(i'))^ 



U{t) X R+{t)ip{t) [ e ixe oj(T,Oe- m2 " [ et'^e^dt'dtdi 
Jr 2 Jo 



e itr _ e -t|«| 2 



-d£dr 



= U(t) XR+ (t) / e^K^dC, 
Jr 

where we denote by u)(t') — U(—t')v(t'). By Proposition ^. 2\ we deduce 



< 



< 



< 



< £ > 2s ( 

< t > 2s ( 



£>(r) 



x Q 2 ' 

2 , 



< 



<ir+\^ a >*<t;> s T t (K ( (t)) 



(2.4) 



(2.5) 



(2.6) 



V 1 



< it+ | £ l 2a > 

I 

< «r+ | £ | 2a > 

< £ > 2s ( 



ioo dr) 2 d£ 
drfoX 



u>(r) 



< ir+ | £ | 2q > 

"II -i. 
x„ 2 



L 2 (R 2 ) 



drd£ 



u(r) 



< »t+ I £ l 2a > 



We complete the proof of (|2.5p . Now we prove (|2.6p . For 5 E (0, i), obviously 



ML -i,.<||«IL -i 



By Holder inequality, we have 

|t>(r) 



< iT+ K I > 



-efr < 



A" 



|w(r)| < ir+ | £ | 2Q >-5+* 



and then 



[Jr. 



< £ > 2s ( 



t)(r) 



< ZT- 



\£\ 2a > ' 



Proposition 2.4 Let s E M, 5 > 0. For a/Z / E X a 2 ' , one has 

^ / W(t -t')f(t')dt' eC(R + ,H s+2S ). 
Jo 

Moreover, if {/„} is a sequence with f n — ► in X Q 2+<5,s as n _> t/jeri 

ft 



W(t-t')f n (t')dt 



0, 7i — > oo. 



L°°(R+,iYs+ M ) 



Proof. The proof is similar to that of Proposition 4 in [7], we omit it. 



□ 



(2.7) 



(2. 



□ 



3 A bilinear estimate and the proof of Theorem 11.11 

Let Z be any abelian additive group with an invariant measure dr\. For any integer k > 2, we 
denote by Tk(Z) the hyperplanc 

F k (Z) = • • • , T7 fe ) E Z k : ?/i + • • • + % = 0}, 

we endow with the obvious measure 

/ / := / fim,--- ,Vk-i,-Vi Vk-i) d Vi ■ ■ -drik-i- 

Jr k (z) Jz"- 1 

We define a [k; Z]-multiplier to be any function m : Tk(Z) — ► (D. If m is a [fc; Z] -multiplier, we 
define ||m]| [fe;^-] to be the best constant such that the inequality 



r k (z) 



holds for all test functions fj on Z. 

In the sequel, we choose Z = I x I, k = 3 and ?y = (r, £). For Ni,N2,N^ > 0, we define 
the quantities N max > N mec [ > N m i n to be the maximum, median and minimum of N\, N2, N$ 
respectively. Similarly define L max > L me d > L m m whenever Li,Z/2,L<3 > 1- Define 



and 



/'ife) - ^ 3 - A, = i Tj - hjfo), j = 1, 2, 3, 

M0 = fti(Ci) + fta(6) + ft3(6). 
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We shall take homogenous dyadic decomposition of the variable \£j\ ~ Nj > 0, and take non- 
homogenous dyadic decomposition of the variable \Xj\ ~ Lj > 1 as well as the function |/i(£) ~ 
H > 1 ( here the notations \Xj\ ~ 1 and |ft.(£)| ~ 1 mean |Aj| < 1, \h(£)\ < 1, respectively ). Define 

Xn 1 ,N 2 ,N 3 ;H;L 1 X 2 ,L 3 '■= X\h(Z)\~H"Kj=lX\£ j \~N :j X\\ : i\~L :j ' 



Lemma 3.1 Let Ni,N 2 , N 3 > 0, L ±1 L 2 , L 3 > 1 and H > 1 satisfy 

^ max ^ -^medf ^max 

~ max{i7, L med }, H ~ max{A/^ aa .iV min , N%* ax }. (3.1) 

('ij. /n the high modulation case L max ~ L me( z H we have 

i i 

\\Xn 1 ,N 2 ,N 3 ;H;L 1 ,L 2 ,L 3 \\[ 3 ^ xVl ] < L min N min- ( 3 - 2 ) 

/n £/ie tow modulation case L max ~ iJ, 
fjgoj. if N max ~ iV me( i ~ iV mm , we Ziaue 

||^Ari,iV 2 ,JV3;Hii 1 ,£a,i8[l[3,ExR] ~ i mm min { JV ~^Ld. L m ei i}; ( 3 - 3 ) 

i/ JV 2 ~ iV 3 > 2Vi and H ~ L 1 > L 2 ,L 3 , we have, for any [3 e (0, 2], 

||X Ari , J v 2 , J v 3; H;L 1 ,L 2 ,L3ll [3 , R x R ] $ LL»^{X?>LlL> N F N i™ L Zdh (3-4) 

Similarly for permutations; 
(2c). In all other cases, we have 

T • -1 1 — A 

II^A r i,A r 2,A r 3;H;ii,i2,i3ll[ 3 ,RxR] ~ L mm m ^{ N m ax L med' L med> N m in\- ( 3 - 5 ) 

Proof. We consider the high modulation case L max ~ L me( j 3> i?. By using the comparison 
principle (Lemma 3.1 in [10j). we have (without loss of generality we assume L\ > L 2 > L 3 and 

iVi > N 2 > N 3 ) ' 

||^Afi : Ar 2 ,A r 3 ;H;ii,i2X3ll[3,RxB] ~ ||X|A 3 |~i 3 X|e 3 |~JV3 || [3,Kxia] ( 3 ' 6 ) 

By Lemma 3.14 and Lemma 3.6 in |10j . 

- - 

||X|A 3 |~i 3 X|C 3 |~JV3 || [ 3 ,RxK] ~ II IIX|A 3 |~£,3 II [3,]R]X|£ 3 |~JV3 1 1 [3,K] ~ L 3 N 3 • ( 3 - 7 ) 

Although we derived (|3.7[) assuming L\> L 2 > L 3 and N\ > N 2 > N 3 , it is clear from symmetry 
that 

l|-XWi,W 3 ,iV3;ff;£i,£2,£3ll[3^xR] ~ L min N min- ( 3 - 8 ) 

We now consider the low modulation case ~ L max . Suppose for the moment that N% > 
N 2 > N 3 . The £3 variable is currently localized to the annulus {[£3 ~ N 3 }. By a finite partition 
of unity we can restrict it further to a ball {|£3 — £3 "C N 3 } for some ~ N 3 . Then by Box 
Localization ( Lemma 3.13 in [10] ) we may localize ^1,^2 similarly to regions {|£i — £j| -C N 3 } 
and {|6 - < N 3) where |£° ~ Nj. We may assume that |£i + £2 + £°l < ^3 sin ce we have 
£1 + £2 + £3 = 0. We summarize this symmetrically as 

II^A r i,JV 2 ,JV 3 ;H;L 1 ,L 2: L 3 || [ 3 !R><R] < X\h(£) \~H ^-j=lX\ A 3 \~Lj X|fc -£° \<N min , ( 3 -9) 
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for some £i,£ 2 , £3 satisfying 



ie,°i~^-,ie 1 + e 2 + ^i«^ 



Without loss of generality, we assume L\ > L 2 > L3. By Lemma 3.6 , Lemma 3.1 and Corollary 
3.10 in [TO] we get 

\\Xn u N2,N 3 ;H;L u L2,L3 II[3,RxR] 
X|/i(?)|~ff n ^ =2 X| 53 _ 4 0| <A r m! , l X|A J |~L 3 

{(r 2 ,6) : I6-C2I <N min ,\ir 2 -h 2 {&)\~L 2 , 

«^ min ,|i(r-T 2 )-/ l3 «-6)l~^3}| 1 (3.10) 



< 
< 



for some (r, £) 6 



For fixed 6j the set of possible r 2 ranges in an interval of length 



0(min{L 2 , -^3})? and vanishes unless 

\ir - h 2 fa) - h 3 (£ - 6)1 = 0(max{i 2 , L 3 }). 
Then we get, for some (t,()£Ix1. 

||^JVi,Ar 2 ,A r 3;ff;Li,L2,L3ll[3,RxR] ~ M K6 : 16 _ 6 I < N mim 

|£-6 -$| «Ar min ,|ir-/i 2 (6)-/i3(C-6)| = 0(i 2 )}|i 
Note that the inequality |£ — 6 — £§| -C iV m i n implies £ — Q\ <C N m i n . Then we have 

||^ATi,7V 2 ,Af3:-H";-Li,-L2,i3 ll[3,ExR] 
< : 16 - 6°l « ^min, le - 6° I « N mm , 

|ir-/i 2 (6)-^(C-6)| = 0(L 2 )}|i (3.11) 
To compute the right-hand side of the expression (|3 . 1 1 1) we use the identity 



Kr-/i 2 (6)-/i 3 (£-6)l 

which implies 
and 



*t m& h 2 + 4 + (16 \ 2a + 16 - en 



6, 2 , e 



= 0(L 2 ), 



3^(6 -|)' + ^=r + 0(L 2 ) 



(3.12) 



I6| 2a + I6~e| 2a -0(L 2 ). (3.13) 

We need only consider three cases: Ni ~ iV 2 — A3, Ai ~ N 2 > A3, and 7V 2 ~ A/3 > Ai. (The 
case N% ~ ^> iV 2 then follows by symmetry). 

If iVi ~ iV 2 ~ A3, by |£ - Ci| < Nmm we deduce |£| ~ N 1 . we see from (f3~T2|) that 6 

ii 

variable is contained in the union of two intervals of length (^(A^LI) at worst, and from (|3.13[) 
that |6| < iF, and (O follows from (pTTTj) . 

If Ni ~ iV 2 » N 3 , by |£ - 6°l « N min , |6 - 6° - ^# - e§l « and 



6 



6-6° 



£ t £l 

n S3 IT" 



we get |£| - A 7 ], and |6 - §| ~ A^. we see from fl3.12[) that 6 variable is contained in the union 

of two intervals of length 0(N± 2 L 2 ) at worst, and from (|3 . 1 3[) that |6I < £ 2 Q , and (|3 . 5[) follows 
from (|3TTTj) . 
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If N 2 ~ N 3 > Ni, then we must have |£| ~ N x and |& - §| ~ N 2- For a given /3 e (0, 2], we 
have |6||£ 2 — |l 2 ~^ ~ NiN^" 13 ■ we see from (|3.12p that £ 2 variable is contained in the union of two 

_ 1 9-2 1 i 

intervals of length 0(N l ^ Lj) at worst, and from ([3~T3l> that |f 2 | < i|° ■ (E3) follows from 
(|3~TTj) and the fact that |f 2 - 62I < N i for some I62I < AT 2 . n 

Lemma 3.2 For a given (|, min{ 3 ^ 2a , 1}) and for any 5 > small we have 

6 < 6 > p < 6 > p < 6 >-" 



< \l >2< A 2 >2 < A 3 >" 



< 1. 



(3.14) 



Proof. We have 



6 < 6 > p < 6 > p < 6 > p x\^\<iX\i 2 \<ix\^ 3 \<i 



< 



< Ai >2< A 2 >2< A 3 >3 5 
X|6l<iX|£2|<iX|« 3 |<l 



< Ai >3< A 2 >2 < A 3 >2 



By taking the non- homogenous dyadic decomposition of the variable |Aj| 
notation |Aj| ~ Lj — 1 means | A^- 1 < 1), we get 

6 < £i >"< 6a > P < 6 >~ p X|fi|<iX|fe|<iX|&|<i 



Z/j > 1( here the 



< 



< 



< 



E 

Li, L 2 ,L 3 >1 

E 

E 



< Al >2 < A 2 >2 < A 3 >3 5 

l n ?=iX|«il<iX|Ajl~%l 



< Li >2< L 2 >s< L 3 >s -a 



< Ll >2< L 2 >2< L 3 >2 

1 



< L me d > 2 < Z/ r , 



<1, 



>2 



(3.15) 



L^ n ,L mad ,L max >l 

here we have used the estimate (without loss of generality we assume L\ < i 2 < Z 3 ) 



||n i=1 xi^i<ixiA 1 |~L 1 

What remains is to estimate the term 



< 



X|6l<i ||X|t7i-/»i(0l~ii| 



6 < 6l > P < 6 > P < 6 > P Xmaxilfcl.l&l.l&ltel 



(3.16) 

Ai " A ^ 7 A ' [3,«x 

By taking the homogenous dyadic decomposition of the variable |£j ~ Nj > 0, by taking the 
non- homogenous dyadic decomposition of the variable \Xj\ ~ Z/j > 1, and the function ~ 
ZZ > 1 ( here the notation |Aj| ~ Lj = 1, \h(£)\ ~ ZZ = 1 means |Aj| < 1, < 1, respectively), 

we have 

6 < 6 > P < 6 > P < 6 >~ P Xmax{|ex|,|€2|,|e3|}>l 



< Ai >2 < A 2 >2< A 3 > 



r-<5 



< 



E E E 



iV 3 < Ni > p < N 2 >p 



111 



tX 



>1 Li,L 2 ,i3>l fl>l < ^3 > P LlL^Ll 



N 1 ,N 2 ,N 3 -H;L 1 ,L 2 ,L a 



(3.17) 
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where Xn 1 ,n 2 ,n 3 -,h-,l 1 ,l 2 ,l 3 is the multiplier 



Xn 1 ,N 2 ,N 3 ;H;L u L 2 ,L 3 ■— X\h($)\~H'Hj = lX\e : i\~N j X\\j\~L j - 

From the identities £1 + £2 + £3 = and T\ + r 2 + r 3 = we see that 

h(0 = — Ai - A 2 - A 3 = 3i&&& - (l£i| 2Q + I6I 2Q + I6I 2Q ). 

Then the multiplier Xn 1 ,n 2 ,n 3 ;H-l 1 ,l 27 l 3 vanishes unless 



(3.18) 



Thus we may implicitly assume (|3.18j) in the summations. By applying Schur's test (Lemma 3.11 
in dQI), 



flam 



< 



sup 

N>1 



E E 

N mam ~N m e d ~N H>1 



E 



7V 3 < Ni > p < N 2 > p 



{*,W <N 3 >p L\LILI 



1 — I — TZ7Xn 1 ,N 2 ,N 3 ;H;L 1 ,L 2 ,L ! 



.(3.19) 



[3,RxI 



In light of (|3.18[) and the comparison principle in [TU] , we thus see that at least one of the inequalities 

N 3 < Ni > p < N 2 > p 



([3~T9]1 < sup 

N>1 



E 



E 



a , T — I — T^J \\XN 1: N 2 ,N 3 -L ma:c -L 1 ,L 2 ,L 3 \\[ 3 RxR ] , 

N m e*~N L max >L med >L min <N 3 >PL\LILI 

(3.20) 



or 



(|3~rg|i < sup 

N>1 



E 



E E 



N 3 < N x >p< N 2 > p 



1 1 T— ; \\ X N 1 ,N 2 ,N 3 :H-L 1 ,L 2 ,L 3 \\, 3] 

2 r 2 t 2 L ' 



- N max ~N mcd ~N L max ~L med ff«L max < ^3 > P L>1 L 2 L' 3 

(3.21) 

holds. It is sufficient to prove (j3~2T))) < 1 and (|3~2T|) < 1. 

The proof of (|3.21l) < 1. Note that the inequality N^ ax N min > N%* ax implies N min > 
N max 2 - When N mm > 1, by using the estimate (1) in Lemma |3~TI we get from ([3~T7]) and pTTS]) . 



TO < sup 



N>1 



E 



N ma ~~N m , d ~N L„ 



E 



7V 3 < JVi >"< N 2 >p i i 



H-max{JVJ 1 „JV mi „,JVJ l «„}<X -M < ^3 > P L 2 L 2 L^ 



< 



< 



< 



< 



sup 

N>1 



sup 

AT>1 



sup 

AT>1 



E 



E 



E 



1-8 



L 2 ■ N 2 ■ 

mm min 



E E 

^N med ~N,N min >l L ma!c ~L med >N 2 N mi „ 
r i-p+25^ 2p _2+4 I 5 



^|-p+2<5^ 2p _ 2 +4(5 

— 2225 — jg log 2 {L max ) 

■max 



E 



TV 5 



^N mcd ~N,N mirl >l 



sup 7V 2 "- 2 + 45 < 1, 

AT>1 



(3.22) 



for i < p < 1 and 5 > small. 
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When Ni ~ AT 2 3> A3 with A^ < 1, by using the estimate (1) in Lemma [3~Tl we get from (|3 . 1 7[) 
and (pTTSjl . 

N ~ 1 Ni^N 2 ^N,N 3 <l I»«,~i»ed i/~max{Ar 2 Ar 3 ,Ar2°}<L max < A^ > P L± L% 



< 



< 



»»p E EE -^4,^1 

TV > 1 — — — r 2 r 1 — 

+ ™p E EE -^VL^ 

at>i — — — r 2 f l-o 

^ V ~ A N t ~N 2 ~N,N 3 <N 2a - 2 L max ~L med H~N 2a <Lm ax ^min^max 

sup > > log 2 (L max ) 

/V>1 -t-/™ 

JV - X A^i~7V 2 ~7V,l>Ar 3 >Ar 2Q ™ 2 L rnax ^L med >N 2 N 3 



' ma.f 



v-^ N 2 P- 2a+2aS , , 
+ sup 2^ L< 5 log2{L max ) 

N Z l N 1 ~N 2 ~N,N 3 <N 2 "- 2 L max ~L med >JV 2 " ma:E 

< Sup £ 

Af ~ 1 N 1 ~N 2 ~NA>N 3 >N 2 <*- 2 

+ Sup ^ N i N 2p-2 a +2 a S 

Ar ~ 1 N 1 ~N 2 ~N,N 3 <N 2o: ~ 2 

< SUp 7V 2 P- 2 + 45 + sup AT2p+«-3+25 < 1; (3 23) 
jV>l JV>1 

for (5 > small, since k < p < 1 and < a < 1 imply 

2p + a - 3 + 2(5 < 0, 2p - 2 + 45 < 

for 5 > small. 

When a = 1 and A 7 ! ~ JV 3 ~ AT > AT 2 with AT 2 < 1, we have N 2a > N 2 N mm . By using the 
estimate (1) in Lemma l37L| we get from (|3.17j) and (|3. 18|1 . 



<ra> < sup E E 



N 



< 



JV ~ 1 N 1 ~N 3 ~N,N 2 <1 L max ~L med #~AT 2 "<L max Lf L$ L£ 

2^ 1 i i^ L min N 2 

/V->1 , r 2 r 2 r 2 ° 

~ su p E E -5 — 

N ~ 1 N 2 <1 im««-i»ei>iV 2 ^med^ 



-J -max 



< 



su p E E — — 

TV^l > r ^1 r r w2 max 



< sup ^ Ar 4 - 5 - 1 ^ < 1 (3.24) 



N ^N 2 <1 



for (5 > small. 

When < a < 1 and Ai ~ A3 ~ A" 3> A^ with iVjj < 1, by using the estimate (1) in Lemma 
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we get from (pTT7|) and (|3J8| . 

< ^P E E E I r i A ^l 



< 



< 



N!~N 3 ~N L max ~L mcd _ff~max{A r2 A'2,JV 2Q }<L max L L| Lg 

x x A^ ii 

SUP E E I I i- S L ™in N 2 

N ~ X N 1 ~N 3 ~N,N 2 >N 2 "- 2 L ma3> ~L med ^>N 2 N 2 ^1^2-^3 

x - x - A^ ii 

+ SU P ^ 2^ i i TZs L Ln N 2 

SU P E E — 

x x Aw| 

' su p E E 



< , A , I I_5 

N ~ 1 N 2 <N 2 -*- 2 L m ax~L„,ed»A r2Q L med L max 



s -p E E - — ^ 



N ~ 1 N 2 >N 2 "- 2 L m ax~L m ed>A r2 A r 2 ma2; 

su p E E 



W>1 



N 2 <N 2 <*- 2 L ma!c ~L med >Ar 2a 
-1+45 Ar^H 25 



< Sup £ N~ 1+iS N-* +2d + Sup £ Jv4ai-2a+l jy* 
^-^s^JV 2 "- 2 ^^A^Ar 2 "- 2 

< sup N- a+iaS < 1 (3.25) 

for (5 > small. By symmetric we know the estimate ()3.21J < 1 holds when N2 ^ N3 ^ N ^> N\ 
and Ni < 1. 

The proof of (13.201) < 1. We first deal with the contribution where the case (2a) in Lemma 
13. II holds. In this case we have Ni ~ N2 ~ A3 ~ N, L max ~ A^ 3 and L m i„ > A^ 2 ", since we have 
Lj ~ |Aj| > |£j| 2q . So we get 

. , N 1+p 1 iii 

®M < ^p ^ i.^ LH^"^L.^} 

N ~ l L med >N 2a ,L ma v~N 3 LiL|LJ 

Ni+P ^ A^-t+P-f+ 65 

< sup > — — - < sup > —j 

JV>1 r ^,»2 Q j ,,3 L 4 JV>l r . r3 L max 

< sup Ar-i+"-t+6<5 < 1 (3.26) 

JV>1 

for (5 > small, since we have p < 3 ~ l 4 2a . 

Second, we deal with the contribution where the case (2b) in Lemma 13.11 applies. We choose 
(3 > small in (|3.4p . We do not have perfect symmetry and must consider the cases 

Case A: N ~ Ni ~ AT 2 » N 3 > 1; i? ~ L 3 > Li, L 2 , 

Case B: N ~ Ni ~ N 2 ^> N 3 , N 3 < 1; JT ~ L 3 > Li, L 2 , 

Case C: AT ~ A^ ~ AT 3 » AT 2 > 1; # ~ L 2 > Li, L 3 , 
Case D: AT ~ JV X ~ AT 3 » iV 2 , ^2 <!;.£? ~ L 2 > L X) L 3 , 
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separately. 

The estimate in Case A. In this case, we have L max ~ N 2 Ns and L me d > N 2a , and then 
< iV* < L^ ed . When < a < 1, we have N^N 2 -? > N 2a for iV 3 > 1 and (3 > small. 
When L med > N^ +1 N 2 -^ > N 2a , we get from (O and (l3~20l) that 

AT^—P nj2p j_ j 

» < sup £ £ i 3 i TZg L^Ni 

jV»jV 3 >l L max ~AT2jV 3 >L mc(J >Af +1 AT2-fi ^1 ^2 ^3 

< sup ^ ^ -2 i 

Ar ~ 1 AT»JV 3 >1 L max ~N 2 N 3 ,L mcd >Nl + 1 N 2 -P L med 

^y2-f-P+'K 2 +/?) ^y2p-2+ f +5(4-/3) 

£ su p E E 73 

N ~ N»N 3 >1 L m e d <L mam ~N 2 N 3 med 



< SUp 53 N i-%~P+^ 2 +V N 2p-2+%+8(i- f 3) 
N ~ 1 A'»JV 3 >1 

< sup N 2p-i+%+5(±-fJ) < 1; (3.27) 

AT>1 

for <5 > and /? > small, since the inequality \ < p < 1 implies 

2p-2 + ^ + £(4-/3) <0, | - | -p + 5(2 + /3) <0 

for (5 > and /3 > small. 

When L med < Ng +1 N 2 -P and L rned > N 2a , We get from (JSH) and (f3T20|> that 

w < sup 53 53 7 A s Li mN ;^N^L 

/V>1 T 2 T 2 7" 2 

~ N 3 >1 L^^N^N*-? ,L 3 ~N 2 N 3 ^1 ^2 ^3 

±-p+(2+/3)«5-f /v 2p-2+25+# + (2-/3)(5 

S su pE E rs 



2/3 

raed 



jv 3 >1 L ma:c ~N 2 N 3 med 



< sup 53 ^-"+( 2 +« 5 "§iv 2 ''- 2 + 25 +^+( 2 -' 3 ) 5 < 1 (3.28) 

N ^N 3 >1 

for 6 > and /3 > small, since the inequality | < p < 1 means 

i-p+(2 + /3)d-| <0, 2p-2 + 2 ( 5+^ + (2-/?)<5<0 

for (5 > and /? > small. 

When a = 1, we must consider the case L med > iV.f +1 iV 2 ~' 3 , L med > TV 2 and N? +1 N 2 ~P < N 2 . 
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We have 1 < iV 3 < . We get from ((374]) and (j3~20]) that 

» < sup E i - ^j Ll in Ni 

N l+& N 2 P -l+2S 

Z su p E 22 — — i 

N l+S N 2 P -2+A8 

% su p 22 22 - JL -F3 

AT 3 <JV7J+T 

-2+45 



< Sup 22 N 3 +Sn2 "~ 



Ar 3 <AT3+T 



< supiV?TT (1+,5)+2 ' , - 2+4 ' 5 < i (3.29) 

N>1 



for 6 > and /3 > small, since the inequality < p < 1 implies 





+ 1 



(1 + S) + 2p - 2 + 4(5 < 



for 5 > and /? > small. We complete the estimate in Case A. 

The estimate in Case B. In this case, we have L max ~ N 2 N^ and L me d > iV 2a , and then 

Ni^Nh<L± d . 

When L med > N^N 2 " 13 > N 2a , we have iV 3 > N^tt^ . By using iV 3 < 1 we get from fl21| 
and (|3~20|) that 

< sup J] E -yypM 

Ar ~ 1 JVi~iV 2 ~JV,JV 3 <l L max ^N 2 N 3 >L med >N^N 2 -^ L l L 2 L 3 



< Slin £ x: - 



sup 



^i-f+«(2+/3) ^-2+1+5(4-/3) 

< s u p ^ ^ -J» - s 

~ AT 3 <1 L med <L max ~AT2Ar 3 med 

< SUp V Ar|-^+ 5 ( 2 +' 3 )iV2p-2+ f+i(4-/3) 
N ^N 3 <1 

< supN^+^-V <1, (3.30) 

for S > and /? > small, since the inequality ^ < p < 1 implies 

2p- 2 + |+5(4-/3) <0, 1-^+5(2+0) >0 

for S > and /? > small. 

When Lrned > N^ +1 N 2 -^ , L med > N 2a and i\f +1 iV 2 -' 3 < TV 2 ", we have iV 3 < N 2 ^^ . We 
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get from J3l} and (HOOf that 



W < sup J2 E i i ,_ & Ll in Ni 



N>1 



2q-2 + fl 



L 3 ~N 2 N 3 ,L med >N 2 °' L^L%L : 



N 3 <N 0+ 1 ,JV 3 <1 
< sun £ £ -3 ; 



sup 

^ N^N 2 ^ L 3 ~N 2 N 3 ,L mcd >N 2 « 

su p E E — 



X 1 2q-2 + fl L—j„<L—.j med 

N 3 <N 3+1 



< SUp V 7V l+^2p-l + 25-(l-25) tt 

W>1 2c-2 + S 

< sup JV 2 ^n tfl(1+4)+2 ''- 1+2S - (1 - 2S)Q < 1 (3.31) 

iV>l 

for 5 > and /? > small, since the inequality ^ < p < 1 implies 

^P + l^ ^ 1 + S ) + 2 P- 1 + 2S -( 1 - 2S ) a < 

for S > and /3 > small. 

When L med < N^ +1 N 2 -P and L roed > iV 2a , we have 1 > iV 3 > ATlJ+r^. We get from 
and ([3~20]) that 

_ „ NiN 2P 1 L- 3-2 J- 

II < E i i T ^ n^^^L 

/V>1 r 2 T 2 T 2 

~ N 3 >1 Lmad <N£ + 1 N2-P,L 3 ~N2N 3 L \ L 1 ^3 

A/ .i+(2+/3)5-| /v 2p-2+2«5+4 + (2-/3)5 

~ su > p E E ^ 

N ~ N 3 >1 L ma:c ~N 2 N 3 med 



< SUp V ^ +(2+/3)5 "^ A r2p-2+25+4 + (2-/3)5 

< SUp i\f2p-2+2«+f + (2-/3)4 < j (333) 
AT>1 

for 5 > and /3 > small, since the inequality \ < p < 1 means 

2p - 2 + 2tf + | + (2 - /3)<5 < 0, i + (2 + 0)5 - | > 

for 5 > and /? > small. We complete the estimate in Case B. 

The estimate in Case C. In this case, we have L max ~ N 2 N 2 and L me( j ^ iV 2 °, and then 

Ni <N? < L^ ed . We get from (03) and lEOOJ) that 

< sup 2^ ^ I i i_g 11^1,^,-^8! Wi-Li,^,^! 

JV ~ 1 AT~A , i~Ar 3 >A'2>l L 1: L 3 <L 2 ~N 2 N 2 ^1 ^2 ^3 
<- V- V- ^3<^2 _P ||V 

^ SUp 2^ 1 i_ a 1 ||AAr li Ar 2 ,Ar 3; L max ;L 1 ,L 2 ,L3 

^S^ 1 7V~Afi~7V 3 >Af 2 >l L 1 ,L 3 <L 2 ~N 2 N 2 ^1^2 ^3 
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By symmetry and the estimate obtained in Case A we get 

(Mil < sup ^ E ~~ 3 — r J rri" \\ x ni,n 2 , n^h-mmm ll[3,i?xfl] ~ ( 3 - 33 ) 

N~N!~N 3 ^N 2 L 1 .L 3 <L 2 ^N 2 N 2 ^1 L% L£ 

We complete the estimate in Case C. 

The estimate in Case D. In this case, we have L max = L 2 ~ N 2 N 2 and i me rf ^ A 2a , and 
then a < 1. We get from ([23) and (PT2"0j) that 

®M < sup 2 E 1 f i-^ L^I 

JV ~ 1 Ni~N 3 ~N,N 2 <l L maI ~N 2 N 2 ,L mcd >N 2 °< L 1 L 2 L% 



\- x - NN 2 

JV ^ 1 Ni~N 3 ~N,N 2 <l L mam ~N 2 N 2 ,L med >N 2 " LfnaxL^ 

J-i, 



-5 



< 



< 



su p E E 

Ar ~ 1 N!~N3~N,N 2 <1 L max ~N 2 N 2 ,L msd >N 2 ° 



max 



sup 



E E 



N S N - a +28(l+a) 



- 1 iVi~JV 3 ~iV,Af2<l L ma x~N 2 N 2 ,L mad >N 2 « med 



< SUp V 7V 2 5 AT-«+2<5(l+«) < sup ^y-a+a^l+a) < 1( ^ 

for 6 > small, since we have < a < 1 in this case. We complete the estimate where the case 
(2b) in Lemma [3TT1 applies. 

To finish the estimate of (|3.20[) it remains to deal with the case where (2C) in Lemma I57T1 holds . 
When N min = N 3 > 1, we have L 3 < L max and N 2 N 3 > N 2a , and then 

. , . , N 1 ~ p N 2p 1 , 1 

» < sup ^ ^ i"T T^ ^i^" 1 ^ 



A/-1-P Ar2p-1 t 

< sup £ £ Ll^N-^L* 



< 



JV ~ 1 N m e d ~N max ~N,N min >l L max ~N 2 N mzn L maxL min L^ d 
sup > > 1 1 , 

IV>1 T2 r2~" 

~ N mad ~N max ~N,N mirl >l L max ~N 2 N min J^maxl^max 



med 



< 



2--P+ 2 " 5 j /y2p-2+4<5 



N 

mm 



su p E E 

< sup x: 4;r +2 ^ 2 "- 2+45 

JV ~ 1 N mBd ~N m .az,~N,N m m>l 

< sup < Xj (3 35) 
JV>1 



for 6 > small. 
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When N min = N 3 < 1, we have L 3 < L max , and 

. . . . AT AT^P 1 1 

« < sup J2 E 



~ SUP E "1 1 T^^min-^ L " 

'^'Z 1 N m ed~N maa .~N,N min <l i ma x~max{iV 2 Af mi „,A' 2 °} ^rnaxL^in^med 



mcd 



< 



< 



SU P E E - , 

N mcd ~N ma:c ~N,N mirl <l L max ~max{iV 2 Ar mi „ : Ar2a} L max L m ax 



Nmin-N P 
I 

a 

N m , n N 2p 



< 



su p E E 

AT > 1 T 2 r 2 ° 

~ N mad ~N ma:c ~N,l>N min >N 2a - 2 L max ~N 2 N min J^max^max 

> P E E 1 i-f 

JV ~ 1 N msd ~N max ~N,N min <N 2 <*- 2 L mam ~N 2a LmaxLmax 

m 



AT>1 



+ su p £ £ p 

< sup ^ N m Z +2S N*o- 2+iS 



Af ~ 1 N mcd ~N ma:c ~N,N m i Tl >N 2a - 2 

+ sup £ iV™^ 2 "- 1 -"^^ 

JV ~ 1 N m e d ~N ma:c ~N .N min <N 2 "~ 2 

< sup jV 2 "- 2+4<5 + sup N 2p - 3+a+2aS < 1, (3.36) 

JV>1 JV>1 

for (5 > small, since the inequalities ^ < p < 1 and < a < 1 imply 

2p - 3 + a + 2aS < 

for <5 > small. 

When iV TO j n = -/V 2 > 1, we have L 2 <C L m aa; and N 2 N min > N 2a , and then 

ATP JV 1 1 

W < sup E i i 5 L lin N ~ lL l e d 

~ N med ~N max ~N,N m in>l L 2 <.L ma ^N 2 N min ^ m in^ m ed nmax 

N p 

~ su p E E -r^j 

JV ~ 1 N mad ~N max ~N,N min >l L 2 <.L ma:c ~N 2 N rnin L m ax 

-p E E — 

sup £ <-f +2 ^-^ 

JV ~ 1 N med ~N max ~N,N min >l 

sup 7V- 1+25 < (3.37) 

JV>1 



< 



< 



< 



for (5 > small. 
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When N min = N 2 < 1, we have L 2 < L max . Note that N^L^ ed < N 2 2 implies L med < N 2 N 2 . 
We get from ([331) and (f3720|) that 

_ — , _ — , /V i ,11 

®M < sup ]T E i i i.^ Jminfr 1 ^,^} 

Ni~N 3 ~N,N 2 <l L 2 «L max ~max{AT 2 JV 2 ,Ar 2 "} ^1 ^2 ^3 

^ ™p E E i f i_, 4iv- i 4 ed 

^t™ 1 Nt~N 3 ~N,N 2 <l L 2 <L max ~max{Af 2 Ar 2 ,Af 2 °},i m e C i<A r2 A r 2 ^1 ^2 ^3 

+ SU P E E i I 1-6 L 2 N 2 

N ~ 1 N 1 ~N 3 ~N,N 2 <1 L 2 <L max ^iaax{N 2 N 2 ,N 2a },L med >N 2 N2 L% L 3 



< 



sup ^ ^ 



7V ~ 1 iVi~iV 3 ~JV,JV 2 <l L 2 «-L m ax~max{Af 2 7V2:A ,2cv },i m ed<A r2 W2 LmaxL S med 

+ sup E E ' 

7V ~ 1 JVi~Ar 3 ^Ar,JV 2 <l L 2 «:£,7 1 ax~max{Ar 2 Af2,W 2Q },i m c C i>A r2 JV2 LmaxL med 

~ E E 1-3 

JV ~ 1 N 2 >N 2 <*~ 2 L ma *~N 2 N 2 ,L med <N 2 N 2 LmaxL med 

+ su p E E i_i 

7V ~ 1 N 2 <N 2 "- 2 L max ~N 2 ",L mcd <N 2 N 2 LmaxL med 

+ sup E E i_i - 

N ~ X Nx~N 3 ~N,N 2 <l L 2 -^L ma x~ni!ut{N 2 N 2 M 2 'x},L mad >N 2 N 2 LmaxL med 

< sup N 46 - 1 ^-^ + sup iV- Q+25(tt+1) iV 2 5 

JV ^ 1 JV 2 >A' 2 "- 2 N ^N 2 <N 2 — 2 



+ su p E E 



z rf z ^ I — 5 

iV ~ 1 N 2 <N 2 <*~ 2 L max ~N 2 <*,L mcd >N 2 N 2 LmaxL med 



< Sup iV- Q + 4Q * + sup V JV-«+M(l+a)jy| 
JV>1 JV>1 



' N 2 <N 2 "~ 2 

< sup < i, (3.38) 

JV>1 

for <5 > small. By symmetry, the same estimate holds when N m i n — N%. We complete the proof 
of (l3~20ll < 1. □ 

Theorem 3.1 Given s 6 (— min{ t , 1}, — \), there exists /i > 0, S > suc/i </iai /or any 
i s 

u,v £ Xa' im'tt compact support in [— T, T], 

< T" Hvll^.. . (3.39) 

Proof. By duality, (|3.39p is equivalent to, for all S X a 2 ' , 

|< 9 X ( TO ), ui >| < T^ 1 , \\v\\ i \\w\\ . (3.40) 

Then the theorem follows from Lemma 4 in [7], (|3.40p and Lemma T3. 21 □ 

The following theorem is a direct consequence of Theorem 13.11 together with the triangle in- 
equality 

< £ > s << £ > Sc < fi > s ~ Sc + < e > Sc < £-6 > s ~ So , Vs > s c . 
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Theorem 3.2 Given s c G (— min{ , 1}, — h), there exists \i > 0, <5 > such that for any 

i s 

s > s c and for any couple (u,v) G X„ with compact support in [~T,T], 

RMIL - i+ ,„ < t» (\\u\\ hsc \\v\\ it . + HI i,, NL • (3-4i) 

The proof of Theorem 11.11 The proof is similar to that of Theorem 1 in [7], we omit it. 

4 Ill-posedness results 

In this section we give some ill-posedness results. 

Theorem 4.1 Let i<a<l,s<— 1 and T > 0. Then there does not exist a space Yt 
continuously embedded in C([0, T], H S (M)) such that 

\\W{t)<p\\ YT <\\<p\\B; V^eff s (M), (4.1) 

\\f w(t-t')d x [u 2 (t')]dt'\\ YT <\\ U f YT , Vw G It- (4.2) 
Jo 

Proof. Suppose that there exists a space Yt such that (|4.1[) and (|4.2p hold. For any t G [0, T], 
taking u = W(t)<^ and since Yt is continuously embedded in C([Q,T], H S (M.)), we get 

|| /" W(t - t')d x [{W{t>) v f]dt> \\ H .<\\ f W(t - t')d x [{W{t')cpf]dt' \\ YT <\\ V \?s- ■ (4-3) 
Jo Jo 

We show now that (|4.3[) fails by choosing an appropriate sequence {<pn}- Let {<pn} be the real- 
valued function defined through its Fourier transform by 

0N = N- s [ X i N (O + X-I N (Oh 
where In — [N,N + 2], so ipjy G S. Note that || ip \\h*~ 1, setting 

ui,Ar(t,a;) = W(tVjv, u 2 ,Ar(t,a:)= / W(t - Odx[(W(t» 2 ]dt'. 

Jo 

and taking x-Fourier transform , we will get 

^xKiv(V))(0 = / e -< t -* , 'l e l ao, e < <'-*'> eS (*e)[^'-(«i,Jv(0) * J r »(«i. J v(*'))](0<tt'. 
Jo 

where 

[^K2v(t')) *^Kiv(t'))K0 = [^xWW) *^*(w(t>jv)](0 
= y'^« 1 )^(e-Ci)e-(^l !,a +ie-fol i, ' , )*'e < «f+«-eo s )*' dfl . 

Hence 

^xKiv(t,-))(0 = e- t|S|2a e ii « 3 (iO / <M6)M£-&) 
e -(l?i| 2Q +k-«il 2Q -|?l 2a )« e *K?+(?-?i) 3 -C 3 )t _ i 

x -d a r + u - a i 2q - 1 £ n + + cT= a) 3 - a 3 ) da ' 
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II u 2 , N (t) \\%s> / <^> 2s \T x (u 2 , N (t,.m) i 2 de 



N~ 



-As 



where 



K( -(I 6 l 2Q + I £ - 6 I 2 " - I £ l 2Q ) + i& 3 + (£ - fi) 3 - e 3 ) 
x <£> 2s m 2 ^, 



«e = {ft e ^jv,6 g -/at} u Ui | £ - 6 g -/at, 6 g /at}. 



Note that for any £ e [— i, ^]. One has mes(K^) > 1 and 



a i 2a + 1 c - a i 2a - 1 ? r~ iv 2Q , Ci 3 + (e - a) 3 - e 3 - 3^ - a) ~ ^ 2 - 



We have 



-|«l 2Q t 
which leads to 



< - - fle(e~ (l?l1 +IS-«d a )y(£j+(f-£ir-n*) > e -(i/2) 2a « _ e -2(7v+2) 2 °^ 



Thus 



-da i 2Q + u-a I 2 - - u i 2q ) + + (c - a) 3 - e 3 ) dCl 



> 



-{l/2) 2c "t _ e -2(N+2) 2a t 

N 2a + N 2 ' 



II u 2 , N (t) \\ 2 H s>N- 



-As 



-(l/ 2 ) 2a t _ -2{N+2) 2a t 



I N 2a + N 2 

contradicts (|4.3[) when N is large enough. 



(4.4) 
□ 



Theorem 4.2 Lei i < a < 1 and s < —1. Then there does not exists any T such that U.l\) 
admits a unique local solution defined on the interval [0, T] and such that the flow-map 

ip i * u(t), t e [0,T] 

is C 2 differentiable at zero from H S (R) to C([0, T]; H S (R)). 
Proof. Let it be a solution of (jl.ip . Then we have 

1 /"* 

u(t, x, if) = W{t)<t> - - / W(t - t')d x (u(t', x, <j>) 2 )dt'. 



Assume now that the flow-map is C 2 . Since u(t, x, 0) = 0, we have 

Ou 

u x {t,x) := — (t,x,0)[h] = W(t)h, 



u 2 (t,x) 



%£(t 1 x,0)[h,h]= / W{t^t')d x (u 1 {t l 1 x)fdt' 
d 2 (/) Jo 



W(t-t')d x (W(t')h) 2 dt' 



Since the flow-map is C 2 one must have 

\\Mt)\\ H s<\\h\\ 2 Hs , VfeeF(R). 
But this is exactly the estimate which has been shown to fail in the proof of Theorem 14.11 



□ 
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